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Abstract We characterize the essential stability of games with a continuum of players,
where strategy profiles may affect objective functions and admissible strategies. Taking
into account the perturbations defined by a continuous mapping from a complete metric
space of parameters to the space of continuous games, we prove that essential stability
is a generic property and every game has a stable subset of equilibria. These results
are extended to discontinuous large generalized games assuming that only payoff
functions are subject to perturbations. We apply our results in an electoral game with
a continuum of Cournot-Nash equilibria, where the unique essential equilibrium is
that only politically engaged players participate in the electoral process. In addition,
employing our results for discontinuous games, we determine the stability properties
of competitive prices in large economies.
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480 S. Correa, J. P. Torres-Martfnez

1 Introduction

In this study, we focus on the essential stability of Cournot-Nash equilibria for large
generalized games, analyzing how equilibrium strategies change when some charac-
teristics of the game are perturbed. We allow any kind of perturbation, provided that
it can be defined through a continuous parametrization of the space of games over a
complete metric space of parameters.

We consider large generalized games, i.e., games with a continuum of non-atomic
players and a finite number of atomic players, where strategy profiles may affect play-
ers’ objective functions and admissible strategies. Decisions made by non-atomic play-
ers are codified and aggregated, generating messages to the participants to the game.
Under mild conditions on the characteristics of the game, a pure strategy Cournot-Nash
equilibrium always exists [see Balder (1999, 2002); Carmona and Podczeck (2014)].

In this context, it is natural to ask how equilibrium strategies of atomic players
and equilibrium messages induced by decisions made by non-atomic players—the
pieces of information that fully determine the players’ strategic behavior—change
when the characteristics of the game are perturbed. We focus on essential stability,
that is, we determine conditions under which the Cournot-Nash equilibria of a game
can be approximated by equilibria of perturbed games.

We begin our analysis of essential stability assuming that games are continuous!
and any of their characteristics can be perturbed, i.e., objective functions, action sets,
or correspondences of admissible strategies. In this context, there is a dense residual
subset of the space of large generalized games in which messages and atomic players’
strategies associated with Cournot-Nash equilibria are stable to perturbations (Theo-
rem 1).2 In particular, uniqueness of equilibrium messages and strategies for atomic
players is a sufficient condition for stability. We also analyze the stability of subsets
of equilibrium messages and actions, obtaining analogous results to those ensured in
the literature for convex games with finitely many players: every game has essential
subsets of Cournot-Nash equilibria (Theorem 2).

These stability results are extended to allow a broader range of perturbations, which
we capture through the parametrizations of the space of games. If the set of parameters
that can be perturbed constitutes a complete metric space and the mapping associating
these parameters with large generalized games is continuous, then stability results pre-
viously described still hold (Theorem 3) and essential sets are stable too (Theorem 4).

If we do not assume continuity of objective functions, and admissible strategies
are subject to perturbations, then the space of large generalized games with a non-
empty set of equilibria is not necessarily complete, which is a crucial property to
guarantee our previous results. For this reason, we extend the analysis to discontinuous
large generalized games assuming that only payoff functions can be perturbed. To
ensure equilibrium existence, we follow the results of Carmona and Podczeck (2014),
which extended the model of Balder (2002) to the discontinuous case. We focus on
large generalized games where players have upper hemicontinuous correspondences

1 That s, for every player, objective functions and correspondences of admissible strategies are continuous.

2 A subset of a metric space is residual if it contains the intersection of a countable family of dense and
open sets.
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Essential equilibria of large generalized games 481

of admissible strategies and both payoff functions of non-atomic players and the sum
of atomic players’ payoff functions are upper semicontinuous. In this context, we
prove that the collection of generalized payoff secure games [see Carbonell-Nicolau
(2010); Carmona and Podczeck (2014, Definition 4)] is a complete metric space.
Hence, when perturbations on payoff functions can be captured through continuous
parametrizations, Cournot-Nash equilibria are generically essential and any large game
has essential subsets of equilibria that are stable (Theorem 5). Since our model includes
finite-player games as a particular case, our findings about stability for discontinuous
games complement the previous results of Yu (1999) and Carbonell-Nicolau (2010).

To obtain our results about essential stability, we prove that the compact-valued cor-
respondence associating each generalized game with its set of equilibrium messages—
actions, called Cournot-Nash correspondence, has a closed graph. To guarantee this
property, we use the fact that the set of non-atomic players has finite measure and
their strategies are transformed into finite-dimensional messages. Indeed, under these
conditions, we ensure the closed graph property of the Cournot-Nash correspondence
by applying the multidimensional Fatou’s Lemma [see Hildenbrand (1974, Lemma 3,
page 69)].

We illustrate our results through some applications. Since essential stability can
be viewed as a refinement of equilibrium, we consider an electoral game in which
the unique essential equilibrium is the one consistent with the participation of only
politically engaged individuals. Also, based on our results for discontinuous games,
we analyze the stability of equilibrium prices in large economies.

The rest of the paper is organized as follows. Section 2 discusses the related liter-
ature. In Sect. 3, we describe the space of large generalized games. In Sects. 4 and 5,
we analyze essential stability properties of Cournot-Nash equilibria when objective
functions and correspondences of admissible strategies are continuous. In Sect. 6, we
apply our results to an electoral game. In Sect. 7, we extend our model to include some
classes of discontinuous games, and we apply these extensions in Sect. 8 to analyze
the stability of prices in large competitive markets. The proofs of our main results are
given in the Appendix.

2 Related literature

The concept of essential stability has its origins in mathematical analysis literature,
where it was introduced as a property of fixed points of functions and correspondences.
In a seminal paper, Fort (1950) introduces the concept of essential fixed point of a
function: a fixed point is essential if it can be approximated by fixed points of functions
close to the original one. In addition, a function is essential if it has only essential fixed
points. Considering the set of continuous functions from a compact metric space to
itself, Fort (1950) proves that the set of essential functions is dense. He also proves that
any continuous function which has only one fixed point is essential. These concepts
and properties have natural extensions to multivalued mappings, as shown by Jiang
(1962). Since not all mappings are essential, it is natural to analyze the stability of
subsets of fixed points. With this aim, Kinoshita (1952) introduces the concept of
essential component of the set of fixed points of a function: a maximal connected set
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482 S. Correa, J. P. Torres-Martinez

that is stable to perturbations on the characteristics of the function. He proves that any
continuous mapping has at least one essential component of fixed points. Jiang (1963)
and Yu and Yang (2004) extend these results to multivalued mappings, by proving that
compact-valued upper hemicontinuous correspondences have at least one essential
component. These results are complemented by Yu et al. (2005) who also analyze
how essential components change when mappings are perturbed.

This literature motivates the study of equilibrium stability in games. As in every
noncooperative game the set of Nash equilibria coincides with the set of fixed points
of the aggregate best response correspondence, the techniques described above allow
to analyze how the equilibria of a game change when payoffs and action sets are
perturbed. In this direction, essential stability of Nash equilibria of games with finitely
many players is studied by Wu and Jiang (1962), Yu (1999), Yu et al. (2005), Zhou et
al. (2007), Yu (2009), Carbonell-Nicolau (2010), and Scalzo (2013).

More precisely, Wu and Jiang (1962) address the stability of the set of Nash equi-
libria for games with a finite number of players and pure strategies. They ensure that
any game can be approximated by a game whose equilibria are all essential. Yu (1999)
formalizes and extends these results for convex games with a finite number of players
and infinitely many strategies, analyzing perturbations in payoffs, action sets, and cor-
respondences of admissible strategies. Jiang (1963), Yu et al. (2005), and Yu (2009)
analyze the existence of essential components of the set of Nash equilibria for games
and generalized games. Zhou et al. (2007) study the notion of essential stability for
mixed-strategy equilibria in games with continuous payoff functions, compact sets of
pure strategies, and finitely many players. They also compare the concept of essential
stability with strategic stability, a notion studied by Kohlberg and Mertens (1986),
Hillas (1990), and Al-Najjar (1995). Allowing for discontinuities on objective func-
tions, Yu (1999), Carbonell-Nicolau (2010), and Scalzo (2013) analyze the essential
stability of Nash equilibria for games with finitely many players.

As we describe in the introduction, our goal is to contribute to this growing liter-
ature by addressing essential stability properties of Cournot-Nash equilibria in large
generalized games. However, results of essential stability for games with finitely many
players take advantage of the fact that the equilibrium correspondence? has a closed
graph, with non-empty and compact values. In fact, with these properties, the equi-
librium correspondence is generically lower hemicontinuous, which in turn implies
essential stability as a generic property.

In our case, under mild conditions on the features of a large generalized game,
a pure strategy Cournot-Nash equilibrium always exists.* However, the equilibrium
correspondence may not have compact values (see footnote 8), and therefore, the tra-
ditional analysis of essential stability cannot be implemented directly in our context.
Nevertheless, associated with any Cournot-Nash equilibrium of a large generalized
game, there is a vector of messages (generated by strategy profiles of non-atomic play-
ers) and a vector of optimal strategies of atomic players. These message—action vectors
constitute all the relevant information that a player takes into account to make optimal

3 That is, the correspondence that associates games with the set of its pure strategy equilibria.

4 See Schmeidler (1973) and Rath (1992) for continuous large games, Balder (1999, 2002) for continuous
large generalized games, and Carmona and Podczeck (2014) for discontinuous large generalized games.
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Essential equilibria of large generalized games 483

decisions. In addition, the correspondence that associates games with the set of equi-
librium messages and atomic players’ profiles has closed graph and compact values
(see Theorem 1 and 5). Hence, we focus our analysis on the stability of equilibrium
messages—actions with respect to perturbations in the game.

3 Continuous large generalized games

Through our model, some characteristics of large generalized games are fixed and
summarized by a tuple (T, T2, K (K )iery» H), where T; U T; is a non-empty set. T}
is a compact subset of a metric space and represents the family of non-atomic players.
There is a o-algebra A and a finite measure u such that (T, A, 1) is a complete
atomless measure space. The set of atomic players is represented by the finite set T>.
K is the non- -empty and compact metric space where non-atomic players’ strategies
belong. Each atomic player ¢+ € T, has strategies in 4 t» which is a non-empty and
compact subset of a normed vector space equipped with a metric induced by a norm.
The function H : T; x K — R™ codifies non-atomic players’ strategies, and it is
continuous with respect to the product topology induced by the metrics of T} and K.

Let G((K;, I, ur)iet,ury) be a large generalized game where each player t €
Ty U T, is characterized by a tuple (K;, I3, u,) A non-atomic player ¢t € T) has
a non-empty and closed action space K; < K, while each atomic player t € T,
has a non-empty, closed, and convex action space K, C K:. We assume that the
correspondence ¢ € T, —» K, is measurable, i.e., {t € T} : K, N F # @} € A foreach
closed subset F of K.

A strategy profile for non-atomic players is given by a function f : Ty — K such
that f () € K;,forany? € Ty. Any vectora = (a;)er, € ]'[,ET2 K, isastrategy profile
for atomic players. Given i € {1, 2}, let F* ((K. ;),57,) be the space of strategy profiles
for agents in T;. In addition, for any ¢ € T, let F2 21 (Kg)sem\(r) i= nserz\m K, be
the set of strategy profiles for agents in 7>\ {t}.

Each participant to the game considers aggregated information about strategies
of non-atomic players, that is, if non-atomic players choose a strategy profile f €
FLU(Ky) teT,), then the relevant characteristics of this profile are coded by the function
H, and each player takes into account aggregated information about these available
characteristics through the message m(f) := le H(t, f())du.In other words, m(f)
is what the players know about the strategic choices of non-atomic players.

We concentrate our attention only on strategy profiles for which messages are well
defined. Thus, let F! ((K,),erl) be the set of profiles f € F! ((K1)rety) such that
HG, f(): Ty > ]R"’ is measurable.® Therefore, the set of messages associated with
non-atomic players’ strategies is given by

M((Korer,) = / H fO)du: f e FN(Koer)

5 That is, for any Borelian set E € R™, {r € T} : H(t, f(t)) € E} belongs to A.
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484 S. Correa, J. P. Torres-Martfnez

Let M = M((K)ery), F! = FN(K)ery), F2 = FA(K)rer,), and P2, =
F2,((Ks)sea\(1)-

Messages and strategy profiles may restrict players’ admissible strategies, that is,
the set of strategies available for a player ¢ € T is determined by a correspondence F,
MxF? > K ¢ with non-empty and compact values, where for every (m, a) € M x .7-'
the correspondence t € Ty —» I'y(m, a) is measurable, i.e., {t € T; : [y(m,a) N F #
@} € A for each closed subset F of K. Analogously, feasnble strategies for a player
t € T, are determined by a correspondence I3 : M x ]-' — K; with non-empty,
compact and convex values. _

Eacht € T} has an objecuve function u, : K x 1‘7 x F2 — R such that, for
every (m,a) € M x ]-' the function (¢, x) € T1 x K- u,(x m,a) ls.A X B(K)-
measurable, where B(K ) refers to the Borel a-algebra of K and A x B(K ) denotes the
product o -algebra. Also, themap U : Tj x KxMxF* >R givenby U(t,x, m,a) =
u,(x ,m, a) is bounded. Each atomic player ¢t € T, has a bounded objective function

‘M x F2 > R, which is quasi-concave on its own strategy a;.

Definition 1 (Cournot-Nash Equilibrium) A Cournot-Nash equilibrium of a large
generahzed game g((K,, I, up)er,ut,) is given by strategy profiles (f*, a*) € Flx
F?, with m(f*) e M, such that

(i) For almost all ¢t € Ty, f*(t) € I;(m*, a*), where m* = m(f*), and
u(f* (1), m*,a%) 2 u (f(t),m*,a*), Vf(t) € I;(m*, a%).
(ii) Forany t € T, a; € I;(m*,a*,) and
ug(m*, a;,a*,) > u(m*, a;,a*,), Va; € Ii(m*,a’,).

Assume that the following conditions hold:

(Al) Foranyt € Ty U Ty, the objective function u; is continuous.
(A2) Foranyt € Ty U T, the correspondence I is continuous.%

Taking as given (T, T2, K, (K, )tery, H), let G be the collection of large general-
ized games satisfying the conditions described above, i.e., the set of continuous large
generalized games where atomic players have quasi-concave objective functions and
convex sets of admissible strategies. It follows from Balder (2002, Theorem 2.2.1)
that any G € G has a non-empty set of Cournot-Nash equilibria, denoted by CN(G). 7

6 Given t € Ty, continuity of I} : M x 72 — K, requires that it  be both upper hemicontinuous and lower
hemicontinuous. Upper hemicontinuity is satisfied at (m,a) € M x .‘F when for any open set A C K;
such that I} (m, @) C A, there is an open neighborhood U € M x 72 of (m, a) such that Iy (m’, a’) CA
for every (m’, a’) € U. Lower hemicontinuity is satisfied at (m,a) € M x .F when for any open set
A C K; such that I3 (m,a) N A # @, there is an open neighborhood U C M x F2 of (m, a) such that
Iy(m’,a’y N A # @ for every (m’, a’) € U. Same definitions apply for the correspondences of admissible
strategies associated with atomic players (I7)ser; -

7 Under our assumptions, for every (m, a) € M x 72 the correspondences t € T} —» Ky andt € Tj —»
I (m, a) have measurable graph [see Aliprantis and Border (2006, Lemma 18.2 and Theorem 18.6)].
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Essential equilibria of large generalized games 485

We endow the set G with the following metric:

p(G1,G2) = sup sup lu,’(x,m,a)-—uf(x,m,a)l
teN (x,m,a)eK xMxF?

+sup sup _ dy () om @), IF0m, @) + sup d (K, K?)
teT) (m,a)eM x F? 1€

+ max sup Iu,I(m,x,a_,) —-u,z(m,x,a_,)l
1€y (m.x.a_,)eﬁx E,x]?Z,

+max  swp  dus(F'0ma), F[Am,az)
tel; (m.a-,)eﬁxﬁ,

k! K?),
+It'2%,’2‘dﬂ.t( t t)

where G; = G;((K}, I'}, u})ier,um,), dn denotes the Hausdorff distance induced by
the metric of K over the collection of its non-empty and compact subsets and, for
every t € T, the Hausdorff distance induced by the metric of K; is denoted by dp ;.

Proposition 1 The space of continuous large generalized games (G, p) is complete.

The proof is given in the Appendix.

We point out that the correspondence associating the parameters that define a gen-
eralized game with the set of its Cournot-Nash equilibria is not necessarily compact-
valued,® a property that was required by the previous literature on essential stability
in games with finitely many players. However, given any Cournot-Nash equilibrium
(f*,a*) € CN(G), the pair (m(f*), a*) contains all the information that players
take into account to make their decisions. Thus, we focus our analysis of stability on
the effects that perturbations on the characteristics of a game have on both messages
from non-atomic players and strategies of atomic players that are consistent with a
Cournot-Nash equilibrium.’

Footnote 7 continued

On the other hand, Balder’s result requires that players have a common universal action space. However,
his result can be extended allowing different universal action spaces for atomic and non-atomic players [see
Balder (2002), page 448, remark (v)].

8 For instance, consider an electoral game with a continuum of non-atomic players T} = [0, 1], which vote
for a party in {a, b}. Let x; be the action of player¢ € Tj and assume that his objective function «, only takes
into account the benefits that he receives from the election of parties, given by {v; (a), v; (b)}, weighted by
the support that each party has in the population, i.e., uy = ve(a)u({s € T3 : xs = a}) + v (b)(1 — u({s €
T) : xs = a})), where p denotes the Lebesgue measure in [0, 1], that is, the utility level of aplayert € T in
unaffected by his own action and, therefore, any measurable profile x : [0, 1] — {a, b} constitutes a Nash
equilibrium of the game. Hence, the set of Nash equilibria is not compact. However, if we consider that
each player receives as a message the support that party a has in the population,m = u({s € T} : x5 = a}),
then the set of equilibrium messages is equal to [0, 1], which is a compact set.

9 Since action profiles are coded using the function H, there may exist several Cournot-Nash equilibria
inducing a same message. Even that, this indetermination does not have real effects on players utility levels.
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486 S. Correa, J. P. Torres-Martinez

Definition 2 (The Cournot-Nash Correspondence) The Coumot-Nash correspon-
dence of G is given by the multivalued mapping A : G — M b .7-' that associates to
any G € G the set of messages and actions (m*, a*) € M x F? such that for some
f* € F! we have m* = m(f*) and (f*, a*) € CN(G).

4 Essential stability of equilibria for continuous games

We analyze how the set of Cournot-Nash equilibria of a large generalized game in
G changes when the characteristics of players are modified. Our analysis is based
on the concept of essential stability introduced by Fort (1950) for fixed points of
single-valued mappings and by Jiang (1962) for correspondences.

Definition 3 (Essential Equilibrium) Let G' € G. Given Gy € G/, (f*,a*) €
CN(Go) is an essential equlllbrlum of Go with respect to G’ when, for any open neigh-
borhood O € M x F2 of (m(f*), a*) there exists € > 0 such that A(G)N O # @
for any G € G’ satisfying p(Go, G) < €. The large generalized game G is essential
with respect to G’ if all its Cournot-Nash equilibria are essential with respect to G’.

Hence, a large generalized game Gy € G’ is essential with respect to G’ € G if
and only if messages and atomic players’ strategies associated with a Cournot-Nash
equilibrium of Gy can be approximated by equilibrium messages and strategies of
generalized games in G’ close to Gp. Note that if Gy is essential with respect to G/,
then it is essential with respect to any non-empty set G” € G’ such that Gy € G”.
Unfortunately, as the following example shows, not all games in G are essential.

Example 1 Suppose that T} = [0,1], > = {a}, K = {0, 1} and Ka = [0 1]
Consider a generahzed game G where for each t € Th,(K;, [}) = (K K ),
(Ke, Ty) = (Ka, K,) and H(-, x) = x. In addition, ug(m,x) = —|m — x|? and
u; (0, m,ay), us(1, m,ay)) = (1,1), vVt € Ti. Note that, G has a continuum of
Cournot-Nash equilibria and A(G) = {(*, 1) e R? : 1 € [0, 11}.

Given A € [0, 1]and € > 0, let G,  be the game obtaining from G by changing the
objective functions of non-atomic players to

A€ e _[(+e€ 1), foranyte[0,1—A]
@™ 0, m, aq), uy™ (1, m, az)) = [ (1, 1+¢), forany e (1—A,1].
It follows that Gy ¢ has only one Cournot-Nash equilibrium and A(Gy ¢) = {(A, A)}.
Since (A, €) € [0, 1] x R, is arbitrary and p(G, G».¢) < €, we conclude that G has
no essential Cournot-Nash equilibrium with respect to G. n]

Theorem 1 Given aclosed set G’ C G, the collection of large generalized games that
are essential with respect to G’ is a dense residual subset of G'.'° Forany G € G/, if
A(G) is a singleton, then G is essential with respect to G'.

10 A subset of G’ is residual if it contains the intersection of a countable family of dense and open subsets
of G'.
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Essential equilibria of large generalized games 487

The proof is given in the Appendix.

It follows from Theorem 1 that given Gp € G/, for any € > 0, an essential general-
ized game G € G’ exists such that p(Go, G) < €.

The next example applies our results to show that equilibrium messages and atomic
players strategies of an essential large game can be approximated by equilibrium
messages and atomic player strategies of finite action large games.!!

Example 2 Let G = G((K:, I, u)ieriur;) € G be an essential game with respect
to G, with (K¢, K;) = (I3, Iy) = (K, K;), Y(t,s) € T1 x Tp. The compactness of
strategy sets ensures that for each t € T1 U T, there is a countable and dense subset
{x1,n : n € N} of K;. Thus, givenn € N, let G, = G,((K}', I, us)teryury) € G be
the finite action generalized game characterized by I} = K[ := {x;1,..., %0} It
follows that p(G, G,) converges to zero as n goes to infinity.

As G is essential with respect to G, it follows from Definition 3 that given messages
and atomic players’ strategies (m, a) € A(G), for each § > O there is n(8) € N such
that, given n > n(8) some (my, a,) € A(Gy) is 8-close to (m, a). (]

Although there are games that do not have essential equilibria, any G € G has
subsets of Cournot-Nash equilibria that are stable. To formalize this property, we
extend the concept of essential stability to subsets of equilibrium points.

Definition 4 (Essential Set) Let G' C G. Given Gy € G', a subset e(Gg) S A(Go)
is essential with respect to G’ if it is non-empty, compact, and for any open set O C
M x 72,

[e(Go) S Ol=>[3>0:G G, p(Go,G) <e=>AG)NO #0].

A minimal essential set with respect to G’ is a minimal element ordered by set inclusion
in the family of essential subsets of A(Gp) with respect to G'. A component of A(Gp)
is a maximal connected subset of A(Gp) ordered by set inclusion.

Definition 4 adapts to our framework the concepts of essential sets and components
that were introduced by Jiang (1963) and Yu and Yang (2004) in the context of stability
of fixed point of multivalued mappings. These concepts were also addressed by Zhou et
al. (2007) to study the stability of mixed-strategy equilibria in non-convex finite-player
games.

Since the Cournot-Nash correspondence A is upper hemicontinuous with non-
empty and compact values (see the proof of Theorem 1), for any G € G’ € G, the
set A(G) is essential with respect to G’. Moreover, given A C B € A(G), if A is
essential with respect to G’ and B is compact, then B is essential with respect to G’
too.!2 Thus, we focus the attention on the existence of minimal essential sets.

Let G’ € G be a closed set. Some results can be inferred from Theorem 1:

I For general results of strategic approximations of continuous games by finite games, see Reny (2011).

12 Indeed, B is non-empty and compact. Also, for any open set O € M x 72 such that B C 0, we have
that A C O. Thus, the essentiality of A with respect to G’ ensures that B is essential too.
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488 S. Correa, J. P. Torres-Martinez

(i) If for some G € G’ there is an essential Cournot-Nash equilibrium (f*, a*) €
CN(G), then {(m(f*), a*)} is a minimal essential subset of A(G) with respect to
G'. Therefore, it follows from Theorem 1 that any closed set G' € G has a dense
residual subset in which any game has at least one minimal essential subset with
respect to G’ that is also connected.

(ii) Since for any G € G’ the set A(G) is compact, any component of A(G) is non-
empty, connected, and compact.!3 Hence, when (f*, a*) € CN(G) is essential
with respect to G', the component associated with {(m(f*), a*)} is an essential
subset of A(G) with respect to G’ (because it is compact and contains the essential
set {(m(f*),a*)}). Therefore, it follows from Theorem 1 that any closed set
G’ € G has a dense residual subset in which any game has at least one essential
component.

The following result extends the two properties above ensuring that they hold for
every large generalized game when sets of strategies are subsets of normed spaces.

Theorem 2 Given a closed set G' C G, for each G € G’ the following properties
hold:

(i) A minimal essential set of A(G) with respect to G’ always exists.
(ii) If A(G) has a connected essential set with respect to G/, then it has an essential
component.

(ili) If K is a convex subset of a normed space equipped with a metric induced by
a norm, then every minimal essential set of A(G) is connected. Furthermore, if
A(G) is finite, then at least one Cournot-Nash equilibrium of G is essential with
respect to G'.

The proof is given in the Appendix.

It is natural to ask whether the continuity of payoff functions is necessary to ensure
the stability properties previously discussed. The following example points out that if
players’ objective functions are discontinuous, then the metric space of large gener-
alized games with a non-empty set of Cournot-Nash equilibria becomes incomplete.
Hence, the results of Fort (1950) and Jiang (1962) cannot be adapted to our framework,
compromising the validity of Theorems 1 and 2.

Ig“icample3 Suppose that T} = [0, 1], T2 = 0, K= [0, 1] and H (¢, x) = x. Thus,
M =10,1].

For any n € N, let G, be the large generalized game where each ¢t € T is char-
acterized by K} = [1,1], I" = K} and u} = u, where u : [0, 1] x [0, 1] —> R is
given by

2 whenm #0 A x=0;
x in other case.

u(x,m) = {

13 By definition, components are non-empty. Since a component is a union of connected sets with at least
one common element, it is connected too. Since the closure of a connected set is connected, components
of compact sets are closed and, therefore, compact [for more details, see Berge (1997, page 98)].
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The game G, has a unique Cournot-Nash equilibrium, because every player ¢ has
the same dominant strategy f*(t) = 1. Therefore, A(G,) = {1}.

Let G be the discontinuous large generalized game where each player ¢t € Tj is
characterized by K; = [0, 1], I;(m) = K, and u; = u. Note that G has an empty set
of Cournot-Nash equilibria. Indeed, when m = 0, the optimal strategy of every player
tis f(t) = 1, inducing the message m’ = 1. Otherwise, when m # 0, every player ¢
chooses f(t) = 0, inducing the message m’ = 0.

Since lim, p(g,,,'g') = 0, the metric space of discontinuous large generalized
games that have equilibria is incomplete. o

To obtain the result of Example 3, it is crucial to allow perturbations on action sets.
Indeed, when action sets and correspondences of admissible strategies are fixed, it is
possible to extend our analysis to some spaces of discontinuous games (see Sect. 7).

5 Essential stability for the parameterizations of the space G

In this section, we discuss the stability of Cournot-Nash equilibria when only some
characteristics of the large generalized game are perturbed.

Definition 5 (Parametrization) A parametrization 7 = ((X, t), k) of G is given by
a complete metric space of parameters (X, ) and a continuous functionx : X - G
that associates parameters with generalized games.

Definition 6 (7-Essential Equilibrium) Let T = ((X, t), k) be a parametrization of
G. Given &p € X, a Cournot-Nash equilibrium (f*, a*) € CN(K(A:'O)) is essential
with respect to X under «, if for any open neighborhood O € M x F2 of (m( ), a*),

there exists € > 0 such that A(k (X)) N O # @ for any parameter X € X satisfying
T(AXh, X) < €. A generalized game Go € G is T -essential if there exists Xy € X such
that Go = x(Xp) and all its Cournot-Nash equilibria are essential with respect to X
under k.

Definition 7 (7 -Essential Set) Given Gy € G, a subset e(Gg) € A(Gop) is T-
essential—or essential with respect to X under x—if there exists a parameter Xp € X
such that (1) Go = K(Xo) (ii) e(Go) is non-empty and compact; and (iii) for any open
set O C M x F? with e(Go) € O there exists € > 0 such that, if X € X and

(X, X) <€, then A(k(X) N O # 8.

Some remarks:

(i) Since « : X — G is (1, p)-continuous, G is essential with respect to G’ C G if
and only if it is T-essential for any parametrization 7 = ((X, t), k) such that
G = k(X) for some X € X.

(ii) Assume that 7 = ((X, 1), «) satisfies X C G, t = p, and « is the immersion of
X on G. Then, for any X € X, k(X)) is T -essential if and only if X is essential
with respect to X.

The following result states stability properties of Cournot-Nash equilibria when
perturbations are determined by a parametrization of G. Hence, we extend Theorems
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1 and 2, obtaining stability results of Cournot-Nash equilibria when some but not
necessarily all characteristics that define a generalized game are allowed to change.!*

Theorem 3 Given a parametrization T = ((X, 1), k) of G, the collection of parame-
ters X € X forwhichk(X) is T -essential is a dense residual subset of X. Furthermore,
forany X € X, we have that

(i) If A(k(X)) is a singleton, then k(X)) is T -essential.
(ii) There is a minimal T -essential subset of A(k(X)).
(iii) Any T -essential and connected set m(X) < A(k(X)) is contained in a T-
essential component.
(iv) Suppose that X is a convex subset of a normed space and t is a metric induced
by a norm. Then, every minimal T -essential subset of A(k(X)) is connected.

Proof The proof of Theorem 1 ensures that A has closed graph with non-empty and
compact values. Since kX — G is continuous and (X, 7) is a complete metric space,
the same properties hold for the correspondence Aok : X —» M x F2. Hence, the
first two properties follow from identical arguments to those made in the proof of
Theorem 1. Also, (ii)—(iv) can be obtained by analogous arguments to those made in
the proof of Theorem 2, changing (G, p, A) by (X, 7, A o k). m}

The following example shows that the continuity requirement on the definition of
a parametrization ((X, ), k) cannot be relaxed without compromising the results of
Theorem 3.

Example 4 Assume that T} = [0, 1] and K is a convex subset of a normed space
with a metric induced by a norm. Fix G;, G2 € G such that A(G1) N A(G2) = @,
and consider a tuple 7 = ((X, 1), «) with X = [0, 1], T(x1, x2) = |x] — x2/, and
k(X)) = a(X)G1 + (1 — a(X))Ga, Vt € [0, 1], where a : [0, 1] — {0, 1} satisfies
a(t) = 0if and only if ¢ is a rational number.!3

Note that, as A(G;) and A(G) are disjoint compact sets, there are disjoint open
sets 01, 0, C M x F? such that A(G) C 0;, Vi € {1,2}. Thus, it follows from
Definition 6 that the collection of parameters X € X for which k (X) is 7 -essential is
an empty set. o

Following the ideas of Yu, Yang, and Xiang (2005, Theorems 4.1 and 4.2), we end
this section with results about the stability of essential sets and components.

14 For instance, when there are personalized perturbations on players’ characteristics, as an example, fix a
game G = G((Ky, It ur)er,uTy) € G. Giveni € {1, 2}, let A, T,-". Tf C T; be, respectively, the subsets
of players in 7; for which we allow perturbations on objective functions, on strategy sets, and on the corre-
spondences of admissible strategies. Let Gg C G be the set of generalized games G((Kt, I, ir)ter;uT;)
such that (1) forany t € (T)\T{) U(T2\T§). & = ur; (2) forany r € (M\TP)U(T2\TP), K; = Ki; and
(3) forany t € (T \Tlc yu (Tz\sz). I} = I;. Since Gg is p-closed, it follows that (Gg. p) is a complete
metric space. Therefore, since the immersion ¢ : Gg < G is continuous, ((Gg, p), 1) isa parametrization
of G.

15 Suppose that Gy = G (K}, I}, u})reryury) and Gy = Ga((KP, I, ub)rer,ury)- Since K and Ki,
where ¢ € T, are convex subsets of normed spaces with metrics induced by norms, for each A € [0, 1], the
convex combination AG + (1 —A)Gy is well defined and given by the game G((A K} +(1—-A) K 2 +(1-
M2, aul +(1=2)ud)rer,ury). Recall that, given subsets A and B of a vectorial space, AA+(1—4)B :=
{Aa+ (1 —=2)b:(a.b) € AxB}.
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Essential equilibria of large generalized games 491

Definition 8 (Stability of Sets) Fix a parametrization 7 = ((X, 7),«x) and X € X.

(i) The set E C A(k (X)) is stable if for every € > 0, there is § > 0 such that, given
X' e Xwitht(X, X') < 8, thereexists aminimal 7 -essential set E' € A(k (X))
for which

E' C Ble,E]:={(m,a) e M x F2: 3(m’,d’) € E, G((m,a), (m',a")) <€},

where @ is the metric associated with the product topology of R™ x Vs

(ii) The set E € A(x (X)) is strongly stable if for every € > 0, there is § > O such
that, given X’ € X with (X, X’) < é, there exists a 7 -essential component
E' € A(x(X") for which E' C Ble, E].

Note that, if E € A(k(X)) is strongly stable, then it is stable.!® Also, any subset
of A(k (X)) which contains a (strongly) stable set is (strongly) stable too.

Theorem 4 Given a parametrization T = (X, 1), &) and X € X, the T -essential
subsets of A(k (X)) are stable. Furthermore, if X is a convex subset of a normed space
and t is induced by a norm, then the T -essential components of A(k (X)) are strongly
stable.

The proof is given in the Appendix.

6 Essential stability as a rationale for electoral participation

In a recent paper, Barlo and Carmona (2011) introduced the refinement concept of
Strategic equilibria in large games. Intuitively, a Nash equilibrium of a large game
is strategic if it is the limit of equilibria of abstract perturbed games, where players
believe that they have a positive impact on the social choice.!” As an application
of their results, they give a rationale to explain why electors vote for their favorite
candidate. Introducing a large game with proportional voting, they show that there is
a continuum of Cournot-Nash equilibria, but only one strategic equilibrium: that in
which electors vote by their favorite party [see Barlo and Carmona (2011, Example
2.1)].

Inspired by this result, we analyze a large generalized electoral game where electors
have different degrees of political interest. The Cournot-Nash equilibrium where only
politically engaged players vote and support their favorite party appears as the unique
T -essential equilibrium of our electoral game, for some parametrization 7.

16 1t is sufficient to prove that any 7 -essential component contains a minimal 7 -essential set. Fix an 7 -
essential component C C A(k(X)). Let Sc be the family of 7 -essential subsets of A(x (X)) contained
in C, endowed with the partial order determined by set inclusion. Since essential sets are non-empty and
compact, any totally ordered subset of S¢ has alower bound. By Zorn's Lemma, S¢ has a minimal element,
which concludes the proof.

17 More precisely, given a large game G with only non-atomic players, for any € > 0 define an e-perturbed
game G¢ where every player perceives that he, but no other, has a positive small impact on the social choice.
Then, following our notation, (f.a) € Fl'xFisa Sstrategic ethbrmm for a game G if there exists
{ex}ken C (0, 1) decreasing to zero, and a sequence {(fy. ag)lxeN C F' x F2 converging to (£, a), such
that (fi. ax) is a Cournot-Nash equilibrium for G, for any k € N.
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Given a set of parties P = {l,...,P} and a parameter 4 > 0, consider an
electoral game & = E,(T1, T», K, (K,),erz, H,(K;, I, ur)zeT,uTZ), where for any
non-atomic player t € T1 = [0 1], the action space is given by K; = K =

[(xl, c., Xp) € Z+ } Strategies of other players do not affect non-

p-l
atomic players’ admissible actlons, ie, I; = K Vt € Ti. Thus, any non-atomic
player can vote for a party p € P by choosing x € K such that xp = 1, or she can
abstain from voting by choosing (x1, ..., x5) = 0.

Eacht € T gives an importance v; ( p) > O to party p € P and has a favorite party
p; € P,ie., v(p;) > v(p) for all p € P\(p}}. Her objective function is given by
the weighted average of the utilities obtained from individual parties and a component
that reflects the private level of satisfaction associated with her action, that is, for any

x=(x1,...,xp) € Ky,

7 i
ul(x,a) = > vi(pap +a D (p) = m)xp,

p:l p=1

where a,, is the probability that party p wins the election, and 7, > 0 measures the
electoral engagement of player ¢. Indeed, when « > 0, as greater 7, less interested in
the election would be player ¢. We assume that for any ¢ € Ty either n, > v;(p}) or
ne < vr(p}). The set of politically engaged players is defined as T = {t € T1 : n; <
vr(p})}, and we assume that it is a positive measure subset of T}.

On the other hand, there is an atomic player T, = {e} whose purpose is to
determine the probabilities (a1, ..., ap) that parties have to win. These prgbabil—
ities are taken as given by non-atomic players. Hence, I, = K, = K, =

[(21,---,23) €R%: Z;’::, p= 1} and

Ue(m,a) = — z a,,Zm,,/—mp ,

p=1

where m = (mj, ..., mp) is the message obtained from non-atomic players’ votes,
assuming that H(¢,x) = x. In other words, when a positive measure of play-
ers votes, probabilities are given by the proportion of issued votes that each party
receives.

In any generalized game £y, witha > 0, the strategy chosen by a non-atomic player
does not affect the social choice. However, when o > 0, each non-atomic player gives
a private value to actions and, therefore, her vote affects her utility level.

Consider the case where non-atomic players do not give importance to their strate-
gies,i.e,a =0. Then, given a measurable strategy profile x : T} — Kanda strategy
a € K,, the vector
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Jr, xp(t)dt ) .
(x’ (E’IW) P)’ if [, x(t)dt #0;
s=1JT; pe
(xoa)y lf fTI x(t)dt:()

constitutes a Cournot-Nash equilibrium for &. Therefore, when electors do not value
electoral participation, there is a continuum of equilibria.

On the other hand, for any a > 0, the generalized game &, has only one Cournot-
Nash equilibrium. Indeed, any player t € T}" votes for his favorite party, while any
player in T1\T}" does not vote. As T}" has positive measure, the equilibrium vector of
probabilities is well defined. Hence, it follows from Theorem 1 that &, is an essential
generalized game for any ¢ > 0.

Since the space ([0, 1], | - |) is complete and « : [0, 1] = G given by k(&) = &4 is
continuous, 7 = (([0, 1], |-|), k) is a parametrization of G, in the sense of Definition 5.
Therefore, we conclude that £,—the electoral game where players do not give any
value to their private strategies—has a unique 7 -essential Cournot-Nash equilibrium,
the one in which only politically engaged players vote in support of their favorite party.
In this way, we obtain a rationale for electoral participation of politically engaged
agents using essential stability as a refinement concept of Cournot-Nash equilibria.

Note that, under alternative perturbations, we can still ensure that the only essential
equilibrium is that in which only politically engaged players vote. It is sufficient that
only non-atomic players’ payoff functions suffer perturbations, and the importance
level that players give to the result of the election be small enough to maintain the
same preferences over alternatives. '8

7 Essential equilibria of discontinuous large generalized games

In this section, we extend the previous results of essential stability to a complete metric
space that includes discontinuous large generalized games. Remember that, when
payoff functions are discontinuous and perturbations on strategy sets are allowed, the
space of large generalized games with a non-empty set of Cournot-Nash equilibria may
be incomplete (see Example 3 above). For this reason, we only allow perturbations on
players’ objective functions.

The following concept is required to state the main assumption that ensures equi-
librium existence when games are discontinuous.

Definition 9 Gwen a large generalized game G((K;, I't, u:)re1yuT,) and an open set
UC M x .7-' (¢1)teyuT, are selectors of strategies supported on U when, for every
teT1UT, ¢ : U — K, is a closed correspondence with non-empty values, and for
each (m, a) € U, the following properties hold:

18 perturbations on actions sets for non-atomic players, or on any atomic player characteristic,
may change the underlying institutional structure, destroying the electoral dimension of the game.
However, a natural perturbation in action sets is to forbid the voluntary vote, by changing K; to
{(xl, s Xp) € Z+ Z p=1%p = 1} In this case, in any Cournot-Nash equilibrium for £y, all voters

participate in the election. In addition, the 7T -essential Cournot-Nash equilibria of £ are those in which
politically engaged players support their favorite party.
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(i) Foreach (t,k) € Ty x T2, ¢1(m, a) x gx(m,a) C I}(m,a) x I (m,a_y).
(ii) The correspondence t € T1 — ¢;(m, a) is measurable.
(iii) For any t € T3, ¢;(m, a) is convex.

In order to make a more clear exposition, we remind the notion of continuous secu-
rity of a large generalized game. This concept is introduced by Barelli and Meneghel
(2012) for finite-player games and generalized by Carmona and Podczeck (2014) to
ensure equilibrium existence in discontinuous large generalized games.

Definition 10 (Continuous Security) A large generalized game G((K;, I';, Us)ser,uT;)
satisfies continuous security if for every (m, a) ¢ A(G), there is an open neighborhood
U of (m, a) such that, for some selectors of strategies (¢;):et,ur, supported on U,
and for some measurable function « : 71 U T» — [—00, +00], we have that

(i) Forevery (m’,a’) € U, there exists a full measure set 7 C T satisfying

ur(x,m’,a’) > a(t), VteT|, Vx e qp(m', a),
ur(m',x,a_,) > a@t), VteT, Vx € p(m', a).

(ii) Fix (f',a’) € F! x F2 such that (m(f'),d’) € U, f'(t) € L;(m(f'),a’) for
almost all r € Ty, and a, € I (m(f’),a’,) for all t € T>. Then, either there is a
positive measure set 7; € T such that u,(f'(t), m(f’), a’) < a(t), Vt € T, or
there is t € T, such that u;(m(f’), a;,a’,) < a(?).

As is shown by Carmona and Podczeck (2014), continuous security is weaker than
Assumptions (A1-A2), and therefore, it is satisfied by any large generalized game in
G. Furthermore, any large generalized game satisfying continuous security has a pure
strategy Nash equilibrium [see Carmona and Podczeck (2014, Theorem 1)].

To ensure that the set of discontinuous large generalized games is a complete metric
space, we strengthen continuous security. With this purpose, we use the concept of
generalized payoff security introduced by Barelli and Soza (2009) for finite-player
games and extended by Carmona and Podczeck (2014) to large generalized games.

Definition 11 (Generalized Payoff Security) A large generalized game G ((K ts Ity ut)
teT,uT,) satisfies generalized payoff security if for every (m, a) € M x F2and € >
0, there exists an open neighborhood U of (m, a) such that, for some selectors of
strategies (¢r)reT,uT, supported on U, and for some measurable functiona : T1UT; —
[—00, +0¢], we have that

(i) Forevery (m’,a’) € U, there exists a full measure set T| C T satisfying

ur(x,m',a’) > a(t), VteT|, Vxeqp(m', a),
uy(m',x,a_) > a(t), VteT, Vxecqm,a).

(ii) For any player t € T,, we have that «(t) + € > SUP,er;(m,a_,) 4t (M, X, a_;). In
addition, the set {t € Ty : a(t) + € > SUPyer;(m.q) % (X, m, @)} has a measure
greater than or equal to u(77) — €.
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Definition 12 (Upper Semicontinuous Games) A large generalized game G((K;, I3,
Ur)1eT,UT,) is upper semicontinuous when the following conditions hold: (i) for each
t € Ty, u; is upper semicontinuous; (ii) Z,GTZ u; is upper semicontinuous; and (iii)
for any t € Ty U Ty, I is upper hemicontinuous.!®

Any G((K;, I, ur)ser,ut,) that is generalized payoff secure and upper semicon-
tinuous satisfies continuous security, and therefore, it has a non-empty set of Cournot-
Nash equilibria (see Lemma 2 in the Appendix). However, as the following example
points out, allowing perturbations on action sets or on correspondences of admissi-
ble strategies, the collection of generalized payoff secure and upper semicontinuous
games is not necessarily a p-complete metric space.

Example 5 Suppose that Ty = [0, 1], T> = 0, K = [0, 1] and H (¢, x) = x. Thus,
M = [0, 1]. For any n € N, let G, be a game with only non-atomic players, char-
acterized by K = [0,1— 1], I*(m) = [0, min{m, 1 — 1}], and u}(f (1), m) =
v(f(t)), where v : [0, 1] —> {0, 1} is such that v(x) = 1 if and only if x = 1. Hence,
Gy is generalized payoff secure and upper semicontinuous.2?

Let G be the large generalized game characterized by K, = [0, 1], I;(m) =
[0, min{m, 1}], and u,;(f(t),m) = v(f(t)). It follows that p(Gy,, G) converges to
zero as n goes to infinity. However, although G is upper semicontinuous, it is not
generalized payoff secure.?! o

Taking as given (T, T3, 1?, (f,),erz, H, (K;, I')terun,), let Gg be the set of large
generalized games G((#,);c1,uT,) Where, instead of Assumptions (A1) and (A2), gen-
eralized payoff security and upper semicontinuity hold. Recall that, in Gy, it still
requirs atomic players to have quasi-concave objective functions and convex sets of
admissible strategies.

Proposition 2 The space of discontinuous games (Gg4, p) is complete.

The proof is given in the Appendix.
We can adapt our previous arguments and the results of Carbonell-Nicolau (2010)
to ensure that the following properties of essential stability hold.

Theorem 5 Given a parametrization T = ((X, 1), k) of Gg, the collection of para-
meters X € X for which k(X) is T -essential is a dense residual subset of X.

Furthermore, for any X € X, we have that
(i) If A(k (X)) is a singleton, then k (X) is T -essential.
(ii) There is a minimal T -essential subset of A(k (X)).

(iii) Every T -essential and connected set m(X) C A(k(X)) is contained in a T -
essential component.

19 Given a topological space X, u : X — R is upper semicontinuous if {x € X : u(x) > a} is closed for
anya € R.
20 Foreverym € M and € > 0, generalized payoff security holds by choosing o = 0.

2! Takingm = 1 and € € (0, 1), if generalized payoff security holds for G, then Definition 11(i) implies
that a(t) <0, V¢ € T}. On the other hand, Definition 11(ii) ensures that there exists a positive measure set
T’ C T suchthat o:(t) + € > SUPxe (1) ¥ (x, 1), which in turn implies that € > 1. A contradiction.
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(iv) Every T -essential subset of A(k (X)) is stable.

The proof is given in the Appendix.

Suppose that non-atomic players’ strategies have no effect on atomic players’ deci-
sions. Then, equilibrium strategies of atomic players are a Cournot-Nash equilibrium
for the finite-player game in which they are the only participants. In this context,
our model captures finite-player convex games as a particular case and Theorem 5
regains previous results of Yu (1999, Theorems 4.2 and 4.3) and Carbonell-Nicolau
(2010, Theorem 2).22 Notwithstanding, we extend these previous results to gener-
alized games, including general types of perturbations on objective functions, and
adding results of existence and stability for essential sets.?

8 Stability of competitive prices in atomless economies

We apply the results of the previous section to a large market in which we ensure that
the set of competitive prices is generically stable to perturbations on preferences.

We consider a pure exchange economy with a continuum of traders. There are
L perfectly divisible commodities and a non-empty and compact metric space of
consumers T7. There is a finite measure u and a o -algebra A such that (T, A, u) is
a complete atomless measure space.

Each t € Ty is characterized by a non-empty and compact consumption space

= [0, M]%, a continuous and | strictly increasing utility function u; : K —> Ry, and
mmal endowments w(t) € mt(K ).

We assume that there is a finite number of agent types, i.e., there is a finite par-
tition {71 x}1<k<r of T1 such that, for each k € {1,...,r} and t,s € T we have
(ut’ I.U(t)) = (u.h w(s))

A competitive equilibrium is given by a vector of prices p € A := {z € ]Rf_ :
lIzllx = 1} and a consumption profile x : T; — K such that

(i) For almost all ¢ € T,

X(t) € argmax u,(x(t)),
x(t)e B, (p)

where B;(p) = {x € K: Px <pw(®)}
(ii) Physical markets’ clearing condition hold, i.e.,

/ () — w())dp = 0.

22 yu (1999) also allows for perturbations on action sets and on correspondences of admissible strategies,
but only for continuous games. Thus, we recover his results in Theorem 1.

23 Scalzo (2013) extends the stability results of Carbonell-Nicolau (2010) to a space of finite-player dis-
continuous games where an aggregator of payoff functions satisfies a property called generalized positively
quasi-transfer continuity. This property relaxes both generalized payoff security and upper semicontinuity.
Although we focus on large generalized games where atomic players satisfy the assumptions imposed by
Carbonell-Nicolau (2010), we presume that the same arguments of Scalzo (2013) may be applied to relax
these assumptions in our context.
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Essential equilibria of large generalized games 497

Our aim is to analyze the stability of equilibrium prices to perturbations on utility
functions. Thus, leaving consumption sets and endowments fixed, let £((u;)se1;) be
the economy described above. Following analogous ideas to Reny (1999, Example
3.2), define a large game G ((ur)rer,) where H(t, x) = x and each non-atomic player
t € T has an strategy set K; = Kanda payoff function v, : KxA->R given by

_ | ui(x), when px < pw(r);
v (x, p) = [ —1,  otherwise;

where p € A is the strategy of an atomic player, denoted by a, whose objective
function

Va(p.m)=p | m— / w(t)dp
T

depends on the message m = fT x(t)d p generated by non-atomic players’ strategies.

Note that, the atomic player s objective function is continuous, while non-
atomic players have upper semicontinuous and generalized payoff secure objective
functions.?* Thus, for every (u)er; satisfying the assumptions described above,
G((ur)tery) € Gq. Furthermore, (m, p) € A(G((us)sery)) if and only if p is an
equilibrium price for the economy &((u;)er;).2

Let T := ((X, 1), k) be a parametrization of G4 such that for every X € X, there
are continuous and strictly increasing utility functions (u, )ter; such that k(X) =
Q((u, )teT,)- It follows that a Cournot-Nash equilibrium of g((u, )ier;) is T-essential
if and only if there exists an equilibrium price of 8((u, )teT;) that is stable to the
perturbations on utility functions determined by 7.

u Utility functions (ur)er; are continuous and take nonnegative values. Since for every t € Tj
the initial endowment w(r) € int(K), the budget set correspondence p € A —» B;(p) is contin-
uous and has non-empty and compact values. Therefore, Berge’s Maximum Theorem [see Aliprantis
and Border (2006, Theorem 17.31, page 570)] guarantees that, given (m, p) € K x A and € > 0,
generalized payoff security holds by choosing a sufficient small neighborhood U of (m, p) and map-
pings @ : T U{a} — R and (¢r)reryuia) Such that a(a) = Va(po(m, p),m) — €, pa(m’, p’) =
argmax i p Va(p”, m'), ¥(m', p’) € U, and for each non-atomic player t € Ty, a(t) = us (g1 (m, p)) — ¢
and (p,(m = argmaxy ) eg, (p') ur (x(1)), Y(m', p’) € U. The existence of finitely many types of non-
atomic agents guarantees that there is a common nelghborhood U forevery t € T U {a} and also ensures
that for every (m’, p’) € U, the map t € Ty — (a(t), gr(m’, p’)) is measurable.
25 Since G ((r)rery) € Gy, it has a non-empty set of Cournot-Nash equilibria. As functions (ur)teT, take
nonnegative values and are strictly increasing, (7, p) € A(G((ut)rer;)) if and only if for some X € Fl
we have that

() There exists a full measure set 7; < T; such that v (X().P) = wu/(F(@) =

max, nyeB,(p) Ur(x()), Yt € T}.
(ii)) 7 >» 0and p(x(r) — w(t)) =0, Vt € T1
(iii) m = le X()dp = le w(t)du.

Thus, (1, P) € A(G((ur)rey)) if and only if there exists ¥ € F! such that (P, ¥) is an equilibrium for
8((uf)tET1 )'
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498 S. Correa, J. P. Torres-Martinez

It follows from Theorem 5 that the set of parameters X' € X for which all competitive
equilibrium prices of £ ((u, )teT;) are stable to perturbations generated by 7 is a dense
residual subset of X. Therefore, competitive equilibria are generically stable when
perturbations are determined by continuous parametrizations that preserve both the
continuity and the strict monotonicity of individuals’ preferences.

9 Concluding remarks

In this paper, we use the stability theory of fixed points developed by Fort (1950)
and Jiang (1962) to address the essential stability of Cournot-Nash equilibria in large
generalized games.

We guarantee that essential stability is a generic property in the space of continuous
large generalized games. Essential equilibria are still generic when large generalized
games are generalized payoff secure and upper semicontinuous, provided that only
payoff perturbations be allowed. Also, all games have essential subsets of the set of
equilibria, which varies continuously.

Our results are compatible with general types of perturbations on the characteristics
of generalized games. Indeed, stability properties still hold when (i) admissible per-
turbations can be captured by a continuous parametrization of the set of generalized
games; and (ii) the set of parameters constitutes a complete metric space.

10 Appendix

Lemma 1 The set of messages Mis non-empty and compact.

Proof Since t € T} — K, is measurable, from Aliprantis and Border (2006, Lemma
18.2, and Theorem 18.6), we know that this correspondence has an A x B(K)-
measurable graph. It follows from Aumann’s Selection Theorem [see Aliprantis and
Border (2006, Theorem 18.26, page 608)] that there exists an A-measurable function
g: T — K such that, g(t) € K;, Vt € Tj. Hence, the compactness of T; and
K and the continuity of H guarantee that the map ¢t — H (¢, g(#)) is bounded and
measurable. Therefore, M is non-empty.

Since H is continuous,  is a finite measure, and the sets T; and K are compact,
the corresRondence te T1 - H(t, K ) is integrable bounded and has closed values
Thus,as M = fT Ht, K )du, it follows from Aumann (1965, Theorem 4) that M is
compact. o

Let us define some notations. Given a metric space (S, d), consider the sets

A(S) = {K € S: K is non-empty and compact},
A (S) = {C C A(S) : C is convex}.
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Essential equilibria of large generalized games 499

Denote by dy the Hausdorff metric induced by the metric of S. If S is compact,
then (A(S), dy) is a complete metric space. Also, when S is compact and convex,
(Ac(S),dy) is complete.26

Given a set X, let U (X) be the collection of bounded functions 4 : X — R
endowed with the sup norm topology, i.e., the topology determined by the metric
d(ui, uz) = sup,cyx lu1(x) — ua(x)|.

Proof of Proposition 1 Let {Gn}neN, With Gy = Gu((Knt, Int, Un,t)ieT,UT,), be a
Cauchy sequence on (G, p). It follows from definition of G and P that for any
non-atomic player ¢t € T1, {K,.:}nen is a Cauchy sequence on (A(K ), dH) Also,
for any atomic player s € T2, {Kpslien is a Cauchy sequence on (A (Ks) dy.s).
Hence, there are sets {K,},Erlur2 such that (i) (K;, K;) € A(K) x A (K ), ¥(t,5) €
T1 x T; and (ii) for any (t, s) € T1 x T, we have that lim,, 4 oo dy (Kp s, X)) =
limy— 100 dp s (Kn s, Kg) =

The definition of the metnc p ensures that, for any ¢t € Ty and (m, a) € M x }'
the sequence {1",, t(m,a)leN < A(K ) is Cauchy and, therefore, there exists a set
Ki(m,a) € A(K) such that dH(F,, t(m, a), K;(m, a)) converges to zero as n goes to
infinity. Let T, : M x F? — K be the set-valued mapping defined by Ti(m,a) =
K;(m, a). It follows that correspondences (T";);er are continuous.? By analogous
arguments, we can obtain that for any s € Ty, there is a contmuous correspondence
T, : M x .’F —» K such that, for each (m,a_;) € M x f-_s both T's(m, a_;) €
AC(KS) and dH s(Th.s(m, a—s), Ts(m, a_g)) converges to zero as n increases.

Slnce {Gn}neN is Cauchy on (G, p), there is a bounded function U:T x K X
M x F2 — Rsuch that, for each ¢ € T, the sequence {u, s }neN © L{(K x M x F? )
converges uniformly to u; := U(t, -) and, therefore, u; is continuous. Analogously,
for any ¢ € T, the sequence {untlhen S U (M x F2 ) converges to some continuous
functionw; e Y (M x F2 ) that is quasi-concave on qy.

Let g ¢(X,, T, Us)reryury). It follows from arguments above that lim,— 100
0(Gn, G) = 0. Thus, to conclude that (G, p) is complete, it is sufficient to guarantee
that

(i) foreach (m,a) € M X .7-' (t,x) e T; x K - us(x, m, a) is measurable;
(ii) for each (m,a) € M x J-' te T1 —» T';(m, a) is measurable;
(iii) the correspondence t € T; — K is measurable.

Fix (m,a) € M x F2, the definition of p ensures that measurable functlons (t,x) €
Tix K - Un,¢(x, m,a) converge to the mapping (t,x) € Ty x K — W (x, m, a).

26 Since (S, d) isa compact metric space, it follows from Aliprantis and Border (2006, Theorem 3.85-(3)
and Theorem 3.88-(2), pages 116 and 119, respectively) that A(S) is a complete metric space under the
Hausdorff distance induced by d. When S is a compact subset of a normed vector space, (Ac(S). dy)
remains a complete metric space, since the Hausdorff limit of a sequence of compact convex sets is still a
compact convex set.

27 Since M x F2is compact and (A(K), dp) is complete, forevery ¢ € T, the continuit 12 of the correspon-
dence T'; follows from the completeness of the space of continuous functions v : MxF - A(K ) under
the uniform metric induced by the Haussdorf distance. Indeed, any conespondence r:mx .7-' - K
with non-empty and compact values can be identified with the function B : M x 72 — A(K) given by
Br(m,a) = I'(m, a), in such form that I" is continuous if and only if B is continuous [see Aliprantis
and Border (2006, Lemma 3.97 and Theorem 17.15, pages 124 and 563)].
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500 S. Correa, J. P. Torres-Martinez

Since (T} x K, A x B(ff )) is a measurable space, item (i) holds [see Aliprantis
and Border (2006, Lemma 4.29, page 142)]. Furthermore, since for every n € N
the correspondence t € Ty — I}, (m, a) is measurable, it follows from Aliprantis
and Border (2006, Theorem 18.10, page 598) that the function @, mq) : T1 —
A(K ) defined by @y (m,a)(t) = Ini(m, a) is Borel measurable. Also, the sequence
{®n,(m.,a)}neN converges to @(,,, a1 — A(K), where @(,,, o) = T (m,a). By
Aliprantis and Border (2006, Lemma 4.29), @(m a) is a Borel measurable function.
Thus, t € Ty — I s(m, a) is measurable [see Aliprantis and Border (2006, Theorem
18.10)]. By analogous arguments, we obtain item (iii). o

Proof of Theorem 1 The proof is a direct consequence of the following steps.

Step 1. A: G - M x Flis upper hemicontinuous with compact values.

Since M x F2 is compact and non-empty, we only r need to prove that Graph(A)
is closed, where Graph(4) := {(G, (m,a)) € G x M x F?: (m,a) € A(G)}. Let
{(Gn, (’r\n,,,a&)z)},,eN C_ Graph(4A) l_)_e_ a sequence converging to @G, m,a) €
G x M x F* where G = G((K;, I't,U;)teryur,) and, for every n € N, G, =
gn((Ktn’ [; ) Uy )t€T|UT2)

We aim toensurethat("’ @) € A(G). Since for anyn € N, (my, a,) € A(Gp), there
exists f, € F 7! such that (i) the function g, : Ty — R™ given by g,(¢t) = H(¢, fa(t))
is measurable and m, = m( f,); and (ii) for almost all # € Ty both f,,(t) € I}'(mp, an)
and

up (fu(t),mp,an) = max  ur(x,mp,an).
xel'(mp,an)

Claim A There exists f € F' such thatw = [, H(t, F(t))dp.

Proof Since H is continuous, T} is compact and { fu}nen C F1, it follows that the
sequence {gn }neN is uniformly integrable [see Hildenbrand (1974, page 52)]. In addi-
tion, { le gn(t)dutien C R™ converges to 7 as n goes to infinity , and therefore,
the multidimensional version of Fatou’s Lemma [see Hildenbrand (1974, page 69)]
guarantees that there is g : T} — R™ integrable such that, 28

(1) m = lim [r, g.()dp = Jr, g(O)du;
(2) there exnstsafull measure set 7; € T} such that, for anyt € 71, g(t) € Ls(gn(1)),
where Lg(g,(t)) is the set of cluster points of {g,(t)},eN. 29
Fix t € Ti. Then, there is a subsequence (g, (t)) converging to g(t). Since
{fu®lhen S K, by taking a subsequence if it is necessary, we can ensure that
there exists f(t) € K such that both fr (1) > f(t)and g(¢) = hm H(, fn,@®) =

H(t, (1)) hold.

28 Although maps {gn},eN can take negative values, they are uniformly bounded from below (since K
and Ty are compact sets, and H is continuous). Thus, as T has finite Lebesgue measure, we can apply the
Fatou’s Lemma.

29 In other words, for anyt € 71, there is at least one subsequence of {gx (t)},eN converging to g(¢).
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Essential equilibria of large generalized games 501

Let  : T; — K be a function such that

- {f(O}, if te Ty,
f(’)e{ﬁ(m,a), if te T\F.

Then, it follows that

m= im m, = lim [ g,(t)dp = / g(t)du = / H(@, f(t))du,
T T T

where the last equality follows from the fact that T1\7} has zero measure. O

Qaim B For almost allt € Tl,_f(t) € T',(m, @). In addition, for anyt € Tr,a; €
Pt(m9 E—t)'

Proof Following the notation of the proof of the previous claim, fix ¢ € T} and let
{ fn. () ken be the sequence converging to f(¢) and that was obtained in the previous
claim. We know that, for any k € N, f,,, (t) € I}"*(my,, a,). Therefore,

d(F @), T, @) < dF @), fu, ) + dug (T (mny, any), Tr(mp, , an,))
+dH (Ft(mnk 9 ank)v Ft(-rﬁ’ a))
=< d(?(t), fnk ®)+ P(gnks E) + dH(Ft(mnkv ank), T;t(m’ a)),

where d denotes the metric of the compact metric space K. Since T, is continuous,
by taking the limit as k goes to infinity, we obtain the first property.

On the other hand, for any (t,n) € T> x N, a,, € I}'(my, an,—,), which implies
that

d@;, T((m,a-,)) < (@, an.e) + duo (I (M, an,—1), T1(mp, an,—1))
+dp ((Ti(mp, an,—), T1(,a—;))
<di@;, ans) + 0(Gn, G) + dH,;(F;(m,,, an,—), I'y(m,a-;)),

where d; denotes the metric of K. Taking the limit as n goes to infinity, we obtain the
result. O

Claim C The following properties hold:

(i) For almostallt € T;,—f-(t) € argmax, . F,;u.a) ui(x,m,a).

(ii) Foranyt € T»,a; € argmax, . , ei.a_,) uy(m,x,d—;).
Proof (i) Given t € Tj, we have that
du (I (Mg, any), T1 (7, @) < p(Gryr G) + du(T1(mny, an,), T+ (1, 7).

Then, I}"*(mp, , an,) —>« T +(7, ). Since u}* converges uniformly to %, it follows
from Yu (1999, Lemma 2.5) and Aubin (1982, Theorem 3, page 70) that
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n n —_ —
u (fe @) My an) = max  w*(x,mpy, Gp) —>k  Max _u(x,7,a)
xel7k (mpy, an,) xeT(7,a)

On the other hand,

luy* i (), My, ) = 5 (F@0), 77, @)
< PGny» G) + [T (fr, @), My, any) — % (F(0), 7, @)
Taking the limit as k goes to infinity, we obtain that u;*(f,(t), Mmp,, an,) —

U (T(t), m, @). Hence, it follows from Claim B that f(¢) € argmax % (x, 7, @).

x€T 1 (m,a)
(ii) Given t € T3, analogous arguments to those made in the previous item ensure that

dH,t(Ftn (mn, an,—1), T_t (m,a—;)) < p(Gn, ) + dH.t(Ft (mp, an,—1), Ft(ﬁ. a-r)),

whichimplies that I (m,, an, ;) converges to T ,(m, a_;) asn goes toinfinity. Hence,
Yu (1999, Lemma 2.5) ensures that

uy(mu,an) =  max  ui(mp,x,an—) — _max  u(m, x,a).
xely*(mp.an,—1) xel,(m,a—;)
Since lim  u*(my,, a,) = %,(m,3),°a € argmax (M, x,a—;). o
notoo xeT,(m,a-s)

It follows from Claims A and C that (7, @) € A(G). Thus, we ensure that A is an
upper hemicontinuous correspondence with compact values.

Step 2. There is a dense residual set Q C G’ where A is lower hemicontinuous.
Since G’ is a closed subset of G, it follows that (G’, p) is a complete metric space
and, therefore, it is a Baire space. Since the correspondence A is non-empty, compact-
valued, and upper hemicontinuous, it follows from Lemmas 5 and 6 in Carbonell-
Nicolau (2010) [see also Fort (1949) and Jiang (1962)] that there exists a dense resid-
ual subset Q of G’ in which A is lower hemicontinuous.

Step 3. If G € G’ is a point of lower hemicontinuity of A, then G is essential with
respect to G'. _

Fix (f*, a*) € CN(G). Then, for any open neighborhood O C MxF? of (m(f*), a*),
we have A(G) N O # @, and therefore, by the lower hemicontinuity, we have that
{¢' € G’ : A(G)N O # B} contains a neighborhood of G, that is, for some € > 0
and for any G’ € G’ such that p(G’, G) < €, we have A(G') N O # @. Hence, all
Cournot-Nash equilibria of G are essential with respect to G’

30 1t s a direct consequence of the fact that, for any n € N, we have

|uf (mp, an) = G (7, @) < p(Gn, G) + [lr(mn, an) — Uy (7, @)|.
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Essential equilibria of large generalized games 503

It follows from Steps 2 and 3 that any game in Q is essential.

Finally, suppose that for some G € G’ the set A(G) is a singleton. Then, the upper
hemi-continuity of A guarantees that it is continuous at G. Finally, Step 3 implies that
G is an essential generalized game with respect to G'. o

Proof of Theorem 2 (i) Existence of a minimal essential set.

Fix G € G'. Let S be the family of essential subsets of A(G) with respect to G’ ordered
by set inclusion. Since A is upper hemicontinuous, A(G) € S and, hence, S # 0.
As any essential set is non-empty and compact, each totally ordered subset of S has a
lower bound. By Zorn’s Lemma, S has a minimal element and, by definition, it is an
essential set of A(G) with respect to G'.

(ii) If there are connected essential sets, then there are essential components.
Suppose that there is a connected essential set of A(G) with respect to G’, denoted
by ¢(G). Since ¢(G) is non-empty, fix (#,ad) € c(G) and consider the set A7 2)(G)
defined as the union of all connected subsets of A(G) that contains (7, @). By defini-
tion, A7 3 (G) is acomponent of A(G). As the closure of a connected set is connected
and A(G) is compact, it follows that A7 ,5)(G) is compact. Hence, the essentiality of
c(9) € A@)(G) with respect to G’ ensures that the component A 2)(G) is also an
essential subset of A(G) with respect to G'.

(iii) Connectedness of minimal essential sets in normed spaces.

Suppose that K is a convex subset of a normed space and it is equipped with a metric
induced by a norm. Fix a minimal essential set of A(G) with respect to G’, denoted
by m(G). Suppose, by contradiction, that m(G) is disconnected.

glaim_é There are open sets Uy, Uy C M x F? such that m(G) c Uy U U, and
UinU;=40.

Proof Since m(G) is disconnected, there are closed and non-empty subsets Aj, Ay C
A(G) such that A; N Ay = @ and m(G) = A; U Aj. Since m(G) is minimal, neither
Ay nor A are essential with respect to G'. Hence, for each i € {1, 2}, there exists
an open set U; such that A; C U; and for all € > 0, there exists g;' € G’ such that
both p(G, g;') < € and A(gé) N U; = @. Since A; is compact, we can assume that
UiNU,=40. u]

Claim B There are large generalized games Gy, G2 € G’ such that
AGINUi =0 A AGINU; #0, Vi, je(l,2}:i#].

In additio’rl, there is a continuous map G : M x F2 - G such that, Jor every
(m,a) e M x fz,

AGm,a)NU V) #08, (G(m,a)=G; <= (m,a) € U;), Vi € (1,2}.

Proof As m(G) is essential with respect to G/, there exists v > 0 such that for every
g’ € G’ with p(G, G') < v, we have A(G') N (U U U,) # @. Following the notation
of the previous claim, foreach i € {1, 2},setG; = gi /3 Hence, for i # j, we obtain
AG)NUj # 8.
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Let G : M x 72 — G be the function3!
G(m,a) = A(m,a)G1 + (1 — A(m, a))G2, V(m,a) € M x F?,
where A : M x F?2 — [0, 1] is the continuous function given by,

d((m,a),Uz)

A(m,a) = = .
d((m’ a)y Ul) + d((mv a)v U2)

By construction, for each i € {1,2}, G(m,a) = G; if and only if (m, a) € U;.

Since metric spaces K and {K ,},Erz are contained in normed vectorial spaces and
their metrics are induced by norms, for any (m,a) € M x F2, we can ensure that
G(m, a) is well defined and

p(G(m,a),G1) = p (A(m,a)G1 + (1 — A(m, a))G2, A(m, a)G1 + (1 — A(m, a))G1)
= A(m,a)p(G1, G1) + (1 — A(m, a))p(G2, G1)

2
< p(G2, G1) < p(G2, G) + (G, G1) < ?"

which implies that ,0(9’ G(m,a)) < p(G,G1) + p(G1,G(m,a)) < v. Hence, for
each (m,a) € M x 72, A(G(m,a)) N (U UU,) # 0. o

Given a large generalized game G € G, let &g : M x F?2 - M x F? be the
correspondence defined by ®g(m, a) = (.Qg(m a), (Bf (m, a—))ter,), where

2%m, a) :

/H(t, f@)du : H(., f(-))is integrable A f(t) € B,g(m,a), VteT

B,g(m,a) = argmax u;(x;,m,a), VteTi;
xi€l(m,a)

B9(m,a_,) := argmax u;(x;,m,a—), VteT,.
xel(m,a_,)

We affirm that &g is upper hemicontinuous and has non-empty, compact, and
convex values. Note that, Berge’s Maximum Theorem [see Aliprantis and Border
(2006, Theorem 17.31, page 570)] guarantees that for any t € T; U T3, the cor-
respondence B,g is upper hemicontinuous and has non-empty and compact values.
Also, as atomic players have convex strategy sets and quasi-concave payoff func-
tions, correspondences (B,g )ter, have convex values. Hence, we want to prove that
Q9¢) = fT H(t, B (-))du is upper hemicontinuous and has non-empty, compact,
and convex values. Aumann (1965, Theorem 1) guarantees that 029 has convex val-
ues. Fix (m,a) € M x F2. Since t € Ty —» Iy(m,a) is measurable, it follows

31 The function G is well defined, because K and K, where ¢ € T3, are convex subsets of normed spaces
with metrics induced by norms (see footnote 15).
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from Aliprantis and Border (2006, Lemma 18.2, page 593) thatt € T} — I;(m, a)
is weakly measurable. The Measurable Maximum Theorem (Aliprantis and Border
(2006, Theorem 18.19, page 605)) implies thatt € T1 —» H(z, B,g (m, a)) has a mea-
surable selector. Since H is continuous, the compactness of 77 and K guarantees that
teT, - H(, B,g (m, a)) is bounded and, therefore, its measurable selectors are
integrable. We conclude that 29(m, a) is non-empty. Since 77 has finite measure and
teT) —-» H(, B,g (m, a)) is bounded and has closed values, it follows from Aumann
(1965, Theorem 4) that .Qg(m, a) is compact. Finally, as H is continuous, K is com-
pact, and for every ¢t € T the correspondence (m, a) —» B,g (m, a) has closed graph;
it follows that (m,a) —» H(t, B,g (m, a)) is upper hemicontinuous for each t € Tj.
Thus, it follows from Aumann (1965, Corollary 5.2) that 29Yis upper hemicontinuous.

Therefore, Kakutani’s Fixed Point Theorem implies that the set of fixed points of &g
is non-empty and compact Notethat ( f*, a*) is a Cournot-Nash equilibrium of G if and
only if (m*, a*) € M x F2is afixed point of @g, where m* = fT H(, f*@)du3?

Claim C There exists (m, a) € U, such that (m,a) € A(G(m, @)).

Proof Given a compact, convex, and non-empty set Ap c Up,let ® : A x
Ay —» Ap x A; be the correspondence defined by @ ((my, ay), (m3,a3)) =

(¢G(m,‘al)(m2,a2) N Al) x {(m1, a1)}. If the set-valued map O : A] X Al — A~1

given by @1((my, a1), (m2, a2)) = PGm,.a1)(Mm2,a2) N A1 has closed graph, then
® is upper hemicontinuous and has non-empty, compact, and convex values. Thus,
applying Kakutani’s Fixed Point Theorem, we could find (7%, @) € A; C U such that
(m,a) € A(G(m, a)).

Therefore, to prove the claim, it is sufficient to ensure that ©; has closed graph. Fix
a sequence {(z7, z3, (m", a"))},en C Graph(®) that converges to (1, Z2, (1, @)).
We aim to guarantee that (m, a) € @(Z;, Z2).

For convenience of notatlons, assume that G; = G;((K! R I‘, s u,)tenurz) Vi €
{1,2). Givent € Tz, let y; : (M x F? 2 X Ay —» K, be the correspondence defined
by

)’t((m, a—l)v Z) = argmax vt(x» (m» a—t)s Z)v
xe¥((m,a-,),2)

where?3

W((m,a_), 2) = M)} (m, a—y) + (1 = M) [H(m, a_y),
ve(x, (m, ay), 2) = A2ul (m, x,a_;) + (1 - A@)u(m, x, a_y).

It follows that y; is upper hemlcountlnuous thh non-empty and compact val-
ues. Therefore, the correspondence y (M x F? ) x Ap —» Mier, K, given by

32 These properties are the core of the proof of equilibrium existence of Riascos and Torres-Martinez
(2013).

33 Remember that A(z) = ‘Wﬁd%':%z(i—vz—)
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506 S. Correa, J. P. Torres-Martinez

y((m,a),z3) = ]_[,GT2 y:((m, a-;), ) is upper hemicontinuous with compact and
non-empty values. In particular, y has closed graph.

Since {(z], 23, a")}sen C Graph(y), it follows thata € y (21, 22).

On the other hand, for each n € N, there exists f, : T} — K such that,
mp = le H(, f,,(t))du, and, for almost all t € Ty, fu(t) € &(},25) =
argmax, cy (7, 1) Vr (X, 71, z3), where we use notations analogous to those described
above. Note at for all t € T1, &, it has a closed graph.

Since m" — m, analogous arguments to those made in Theorem 1 (Claim A)
ensure that, applying the multidimensional Fatou’s Lemma [see Hildenbrand (1974,
page 69)], there exists a full measure set T] C T and a function f 1 — K such
that,

(i) Foranyt € 11, there is a subsequence of { f,,(¢)},eN that converges to T,
(i) Forany t € T\T1, f(t) € & (21, 22);
>iii) m = le H@, f@t)du.

__ Since foranyt € Ti the correspondence &; is closed, it follows from item (i) that
f@) € &(Z1, Z2). Items (i1) and (iii) jointly with the fact thata € y(Zi, Z2) imply that
(m,a) € ©1(21, 22)- mi

Since (m,a) € U, it follows that G(m, @) = G;. Hence, Claim B implies that
A(G(m,a)) N Uy = @. This is a contradiction, since both (7, @) € Uy and (m, @) €
A(G(m, @)). Therefore, the minimal essential set m(G) is connected.

(v) If A(G) is ﬁnite, then G has at least one essential equilibrium.

Suppose that K is a convex subset of a normed space with a metric induced by a
norm. It follows from (iii) that for every G € G’ there is a minimal essential set of
A(G) that is connected. On the other hand, as A(G) is finite, minimal essential sets
are singletons. O

Proof of Theorem 4 Given X € X, the T -essential subsets of A(x (X)) are stable.
It follows from Definition 4 that it suffices to guarantee that minimal essential sets
are stable in the sense of Definition 8. Let A, (7", X)) be the collection of minimal
T -essential subsets of A(k(X)).

By contradiction, assume that there is A € A, (7, X) and €p > O such that, for
any § > 0, there is A5 € X with 7(X, X5) < § and A’ N Bleg, Al # 0, VA’ €
A (T, Xs), where Bleg, Al = (M X fz)\B[eo, A]. Since A is T -essential, there
is 8o > 0 such that, for any X’ € X with 7(X, X’) < 89, we have that A(k(X")) N
C(eg, A) # 0, where C(€g, A) = {(m, a) € MxF?: 12£er((m ,a), (m',a")) <

€}. It follows that A(x(Xjs,)) N Bleg, Al is a non-empty and closed set contained in
Bleo, A). Therefore, A(k(X3,)) N Bleo, Al is not an essential subset of A (k (Xj))).
Hence, there ex1sts €1 > O such that, for any n € N, there is &, € X
with ‘t(Xao, X)) < —l and C(e1, A(k(X5)) N Bleg, AD) N A(k (X)) = @, where
81 > 0 is chosen m such form that, for any X’ € X, if t(X5,X") < &1,
then (X, X”) < &o. The last property ensures that (X, x,) < & for any
n € N, which implies that A(x(X,)) N C(ep, A) is non-empty. Take a sequence
{(my, an)}nen such that (my,, a,) € A((X,)) N C(ep, A), Vn € N. Without the
loss of generality, there is (mg, ap) € Blep, A] such that (m,, an) —n (mo, ao).
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The upper hemicontinuity of (A o k) ensures that (mg, agp) € A(k(Xs,)), that is,
(mo,a0) € A(k(Xs)) N Bleg, A]. However, as for any n € N, we have that
(mp, an) € Ak(Xy)) and C(er, A(k(&Xs5y)) N Blep, A N Ak (X)) = 9, it fol-
lows that (mp,a,) & C(er, A(k(X5)) N Bleg, Al), Yn € N. Thus, (mo, ap) ¢
A(k(Xs,)) N Bleg, Al, which is a contradiction.

If X is a convex subset of a normed space and t is induced by a norm, then for each
X eX, the T -essential components of A(k(X)) are strongly stable.

Since M C R™ is compact and K., with t € Ty, are compact subsets of normed
spaces with metrics induced by norms, it follows that A(x (X)) € MxFlisa locally
connected and compact space. Therefore, A(x(X) as a finite number of connected
components.>* For this reason, given a T-essential component A & A(k (X)), there
exists m > O such that B[, A] N B[, A(k(X))\A] =

Furthermore, it follows from the proof of Theorem 2(i) that there is A, €
Ap (T, X) such that A,, € A. By the previous item, for each € > 0, there is §; > 0
such that, given X’ € X with 7(X, X’) < &1, there exists A}, € A,(T, X’) for which
A, C Ble, An] € Ble, A]. Since X is a convex subset of a normed space and t
is induced by a norm, it follows from Theorem 3(iv) that minimal essential sets are
connected, and therefore, following analogous arguments to those made in the proof
of Theorem 2(ii), we can ensure that for any X’ € X with t(X, X’) < 8, there is an
essential component A’ € A.(7, X’) which contains A},, where A.(7, X”) is the set
of T-essential components of A (k (X’)). We want to prove that, for X’ closely enough
to X, A’ C Ble, A].

Since the correspondence A o k is upper hemicontinuous, there is §3 > 0 such that
for any X’ € X with t(X, X’) < & we have that A(k(X’)) C C(e, A(k(X))) C
Ble, AJU Ble, A(k(X))\A].

Note that A(x(X))\A is a compact set35 Let§ = min{8p, 81} and fix X’ € X
with T(X, X’) < 8.1If A’ N Ble, AI° # @, then A’ N Ble, A(k(X))\A] # Fand A’ N
Ble, A] # @.Inaddition, when € < m, it follows that Ble, A1) Ble, A(k(X))\A] =
#. Since A and A(k (X))\A are compact sets, both B[e, A] and Ble, A(k(X))\A] are
closed. Thus, we obtain a partition of the connected set A’ into two non-empty and
disjoint closed sets, A’ N B[e, A(k(X))\Aland A’ N B[e, A], which is a contradiction.
Therefore, for any X’ € X with t(X, X’) < 8, we have that A’ C Ble, Al. o

Lemma 2 Let G = G((K:, I, us)retyuT,) be a generalized payoff secure and upper
semicontinuous game. Then, G satisfies continuous security.

Proof Given (m,a) ¢ A(G), generalized payoff security guarantees that, for any
€ > 0, there exists (U€, (¢f )reruty, @€) satisfying item (i) of Definition 10. Thus, to
guarantee that G is continuous secure, it is sufficient to prove that (U€, af) satisfies

34 The connected components of a locally connected and compact space determine a partition of it into
disjoint open sets. By compactness, this partition has finitely many elements [see Berge (1997, pages
98-100)].

35 Indeed, since (A (X))H\A) C Ak (X)), itis sufficient to ensure that itis closed. Let {(mn, an)},eN C
(A(k(X))\A) be a sequence that converges to (mg, ag) € M x .1'2 Forany n € N, (my, an) € A(k(X))
and (mp, an) ¢ A. Thus, (mo, ag) € A(k(X)). Furthermore, if (mg, ag) € A, then for n large enough
(mn, an) € B[m, A, whichisacontradiction with B[, A(k(X))\AINB[r, A] = @. Therefore, (mg, ag) €
Ak (X)\A.
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Definition 10 (ii) for some € > 0. Suppose, by contradiction, that for any n € N, there
is (fn, an) € F! x F? satisfying,

@) (m(fy),an) € U,

(b) fu(t) € I;(m(f,), ap) for almost all ¢t € T,

©) an: € Ii(m(fn), Gn,—) forall t € T3,

(d) for almost all € Ty, us (fu(t), m(fy), an) = a7 (1),

(e) foranyt € T, us(m(fn), an,s» Gn,—t) = % ().

Since we can assume that (), U F o= {(m, a)}, it follows from (a) that
(m(fy), an) —n (m, a). Conditions (b)-(c) guarantee, by using analogous arguments
to those made in the proof of Theorem 1 (Claim A), that we can find a strategy profile
f e fl((K,),erl) such that m = m(f) and there is a full measure set T{ C Ty such
that f(t) € Ls(fx(1)), Vt € T}.

In addition, as correspondences of admissible strategies have closed graph, it fol-
lows that (i) for almost all ¢t € Ty, f(t) € I'i(m(f),a); (ii) forallk € Tr,a; €
Ti(m(f), a-).

Hence, as (m,a) ¢ A(G), there is a non-negligible set of agents that are sub-
optimizing, i.e., there exists § > 0 such that either for a positive measure set T’ € T,

u(f(t),ma) + 8 < sup u(x,m,a), VieT{,

xely(m,a)
or for some t € Ty,

us(m,ar,a—y) +8 < sup  ur(m,x,a_;).
xel(m,a-;)

This last condition implies that

Zu:(m,a;,a-t) +48 < Z sup  ur(m, x,a—).

teT, teT, xeli(m,a—)

Since G is upper semicontinuous and (m(fn), as) —>n (m, a), it follows from the
definition of f that for n € N large enough, we have that either for allt € T{ N T,

ur(fa(t), m(fu),an) + 056 < sup u;(x,m,a), (¢))

xeli(m,a)
or

Z ur(m(fn), an,t,an,—1) + 058 < Z sup  u(m,x,a_y).

teT, te, xeli(ma-)
The later inequality implies that there is ¢ € T, such that

0.548
ur(m(fn), nt, Gn,—1) + === < sup  ur(m,x,a—y). 2)
#T xely(m.a—)
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Essential equilibria of large generalized games 509

On the other hand, it follows from conditions (d)—(e) above and Definition 11(ii)
that for n € N large enough, there exists 7, C T; with u(T,,) > u(Ty) — % such that,
forany t € T,,,

1
ue(fa@), m(fn),an) > sup u(x,m,a)——,
x€li(m,a) n

and for every atomic player ¢ € T>,

1
ur(m(fn), anys, @n,—1) = sup  u(m,x,a—¢) — —.
xely(m,a_;) n

Thus, lim,u;(fu(t), m(fy), an) = SUPxer; (m.a) Ut (X, m, a) for almost all non-
atomic player t € Tj. Also, for each atomic player t € T, we have that
lim, u;(m(fn), an,t, Gn,—t) = SUPxer,(m.a_,) Ut(m, x,a—;). Hence, taking the lower
limit in (1) and (2), we obtain a contradiction. ]

Proposition 2 (G, p) is a complete metric space.

Proof Since (K;, I')er,ur, does not change, (Gd p) can be considered asa subset
of the space of bounded functions B := U(T} x K x M x F? ) X I'[,GT2 U,(M x F? ),

where for any ¢ € T, the set L{,(M X j_-‘z) is the collection of bounded functions
(m,a;,a_y) = ui(m,a;, a_;) which are quasi-concave on a,. Note that (B, p) is a
complete metric space and, therefore, it is sufficient to ensure that G, is a closed subset
of B.

Fix a sequence {Q,,},,eN C Gy, with G, = G, ((u} )teryury) for any n € N, which
converges to ¢ =30, Ur)teT,UT,) € B. We want to prove that G € Gy.
Claim. G is generaltzed payoff secure.
Given (m, a) € MxF2ande > 0, generalized payoff security of G, at ((m, a), 0.5 ¢)
implies that there exists (U", (¢}')reT,uT,, @") satisfying the requirements of Defini-
tion 11.

Thus, for n large enough, for almost all t € Ty, for all k € T3, and for every
(m’,a’) € U™, we have that,

Up(x,m',a") > ull(x,m’,a’)—025¢ > o"(t) — 0.25¢, Vx € ¢"(m',a’);

wx(m', x,a_,) > up(m'x,a_ ) —0.25¢ > o"(k) — 0.25¢, Vx e ¢f(m',d).
Furthermore, Definition 11(ii) ensures that, for n large enough,

(e (k) — 0.25€¢) + € = (" (k) +0.5¢) + 0,25 ¢
> sup  uy(m,x,a—)+0.25¢
xelt(m.a_g)

> sup  uy(m,x,a—x), Vke T,
xeli(m,a_y)

xely(m,a)

u[t eTy: (a”(t) — 0.256) +€> sup ﬂ,(x,m,a)] > u(Ty) —05e.
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Therefore, taking n large enough and choosing (U”, (¢7)ieryury, @" — 0.25¢€), we
ensure that G is generalized payoff secure at ((m, a), €). m]

It is a direct consequence of Carbonell-Nicolau (2010, Lemma 1, page 425) that G
is upper semicontinuous and atomic players’ objective functions (@;);c7, are quasi-
concave. In addition, the same arguments made in the proof of Proposition 1 guarantee
that, forevery (m, a) € MxF? ,themap (¢, x) € TlxK — u;(x, m, a) ismeasurable.
This concludes the proof. u}

Proof of Theorem 5 Since (G4, p) is complete, it follows from the proofs of Theorems
14 that it is sufficient to ensure that A still has a closed graph when its domain is
extended to Gy.

Let {(Gn, (mn, an))}neNn C Graph(A) such that (Gu, (mn,as)) — (G, (m,a)),
where Gp = Gn (U} )tetyury) and G = G((U;)ter,ur,) € G4. We want to prove that
(m,a) € A9). .

Since (my, a,) € A(Gy), there is f, € F! such that
(a) the function g, : T — R™ given by g,(t) = H(t, f,(t)) is measurable and

my = m(fn);
(b) for almost all # € Ty both f,(¢t) € I';(my,, a,) and

uy(fa),my,an) =  sup  up(x,my,ay).
xel(my,an)

Claim A There exists f € F' such thatw = [, H(t, f(t))dp.

Proof By analogous arguments to those in the proof of Theorem 1 (Claim A), we
can find a strategy profile f € F 7! and a full measure set T} € Ty such that m =

m(f), f(1) € Ls(fa(1)), Vt € T} o

Claim B For almost all t € T1,7(t) € I;(m, a). In addition, for any t € T,,a; €
Ii(m,a—,).

Proof It follows from the proof of Claim A that there is a full measure set 7" € Tj such
that f(t) € Ls(fx(t)), Vt € T}*. Thus, the closed graph property of correspondences
of admissible strategies ensures that (i) for all ¢ € T, f@t) € I;(m, @); and (ii) for
allt e Ip,a; € Ii(m,a—;). n)

Claim C The following properties hold

(i) Foralmostallt € Ty, f(t) € argmax,cr, Gz Wi(x,7,a).
(i) Foranyt € T2, a; € argmaxycr,Gra_,) Ur(m, x,a—¢).

Proof Suppose that at least one of the properties (i) and (ii) does not hold, i.e., there is
anon-negligible set of agents that are suboptimizing. Since G is upper semicontinuous,
identical arguments to those made in the proof of Lemma 2 to obtain conditions (1)
and (2) imply that there is £ > 0 such that,3 for n large enough, either

U (fu(t),mp,an) + & < sup Uy(x,m,a), VieT{*CT,
xel;(m,a)
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where T;** is a positive measure set, or there exists ¢ € T, such that

uy(mp, any, an,—1) + & < sup  u(m, x,a_;).
xel(m.a—;)

Thus, as p(Gy, G) =, 0, forn large enough at least one of the following conditions
hold:

ui (fa(t),mp,an) + 056 < sup ui(x,m,a), VteTNT™; 3)
xel(m.a)

u;‘(mn, an.taan.—t) + OS& < Sup Ht(max’ a—-t)- (4)
xel(m,a-)

On the other hand, since G is a generalized payoff secure large game, for every
€ > 0, there exists (U€, (¢f )rer,uty, @¢) satisfying Definition 11. In particular, as
(mn, an) =, (M, a), there exists a set T¢ € T; with u(T) > u(T1) — € such that,
for any n large enough, we have (m, a,) € U€ and the following properties hold for
every (t,k) € T, x Tp:

sup  u(x,my,ap) > sup  u/(x,mp,a)

xel;(my.a,) XE€@E (Mn.an)
>af(t) = sup u(x,m,q) —¢; (5)
xel;(m,a)
sup Up(mp, x, an, —) > sup Ui (mp, x, an,—k)
x€l(mn,an,—k) X€pg (Mmn.an k)
>afk) > sup  ux(m,x,d_x) —€. (6)
xel(m,a—y)

As objective functions are bounded, the uniform convergence of G, to G ensures
that, for n large enough and for each (t,k) € T} x T,

ui(fu@), mup,an) +€ = sup  uj(x,mp,an) +e€
xel(mp.an)
> sup U (x, mp,ap); Q)
xely(mp,an)
ug(Mp, an e, n,—k) +€ = sup  uj(mp,x,an k) + €
xel(my,an,—k)
> sup up(mp, x, an k). ®

x€l(mp,an,—k)

36 Following the notation used in the proof of Lemma 2, we can take £ = %75-;‘
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Therefore, for every € > 0 and for each (¢, k) € (T} N T¢) x T3, taking the lower limit
as n goes to infinity on inequalities (7)—(8) it follows that,

Lim, uf (fu(t), mn,an) +€ > sup @ (x,m,a) —¢, ®
xel,(.3)
lim, uf(mp, Gni,an-k) +€ > sup  ux(m, x,a@x) — €. (10)
xel (m,a—g)

Taking the limit as € goes to zero on (9-10) and taking the lower limit as n goes to
infinity on (3—4), we obtain a contradiction.

It follows from Claims A and C that (77, @) € A(G). o
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